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The Propagation of Infinitesimal Disturbances
in an Ultrarelativistic Gas According to the
Method of Elementary Solutions

A. Frezzotti'
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It has recently been shown that a linearized relativistic BGK model can be
reduced, in the ultrarelativistic limit, to a system of three uncoupled transport
equations for thermal, sound, and shear waves. The equation describing the
propagation of thermal waves is the well-known one-speed neutron transport
with isotropic scattering in the conservative case. In this paper the solution of
the half-space problem for the equation describing the propagation of shear and
sound waves is given according to Case’s elementary solutions method.
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1. INTRODUCTION

The propagation of small-amplitude disturbances in a relativistic gas has
been the subject of a number of recent investigations.’ *) In particular, it
has been shown in Ref. 1 that, according to relativistic kinetic theory,
signals propagate at a speed less than the speed of light. Relativistic
generalizations of the classical BGK model'” made an analytical treatment
of the propagation of small-amplitude disturbances possible in complete
analogy with the classical case.””’ The analysis of the dispersion relation for
thermal, shear, and sound waves in a relativistic gas has been presented in
Ref. 2, where the gas was assumed to behave according to the kinetic model
first proposed by Anderson and Witting.®’ The one-dimensional, unsteady,
linearized version of the same model has been considered in Ref. 3, where
the proof is given that in the ultrarelativistic limit the model reduces to the
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following set of three uncoupled transport equations for thermal, shear,
and sound waves, respectively:

oY Y 1+t

e il —_ 7 ' 1
bt Y=3 [ Y ) dy (1a)
ow oW 3+t
—tpu—+W== [—u?) W Y du' ib
o TR T 4L( u) Wix, 1, 1) du (1b)
0Z oz _ 1w I o
E+#—6—;+Z_§J_1 Z(X,f,/l)JrE#Jil WZ(x, t,w)ydy  (lc)

In Egs. (1), Y, W, and Z are functions related to the perturbation of the
distribution function of the molecular velocities."”’ Equations (1) hold in
the frame of reference at rest with respect to the unperturbed gas, x and ¢
are normalized values of the space and time coordinate, respectively, and p
is the normalized x component of the velocity. The first equation of system
(1) is the well-known one-speed neutron transport equation with isotropic
scattering in the conservative case.”” The method of elementary solutions
was developed by Case'® to solve the steady transport equation

y=0"" Yo ) dw 2
et —ZL (x, 1') du (2)

which becomes the steady version of Egs. (1) if ¢ is set equal to one. Case’s
method can be extended to solve unsteady transport equations by
introducing the Laplace transform of the unknown Y(x, ¢, ) with respect
to the time variable and reducing the equation to a form similar to the
steady one.>!® This technique is adopted in the present work to solve the
half-space problem for Egs. (1b) and (lc). It is worth noticing that the
same set of transport equations occurs in a completely different context, in
the study of small-amplitude signals propagation in a degenerate Fermi
fluid. ™" This circumstance is not surprising, since, both in the case of an
ultrarelativistic gas and in the case of a degenerate Fermi fluid, collisions
affect only the velocity directions because all molecules have practically the
same characteristic speed (the speed of light in the case of the relativistic
gas and the Fermi speed in the gas of the degenerate Fermi gas).

2. ELEMENTARY SOLUTIONS OF THE SHEAR WAVE
EQUATION

We shall start the analysis from Eq. (1b), because it turns out to be
much simpler than Eq. (1c), providing a good starting point for a brief sur-
vey of the method.
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The Laplace-transformed equation (1b) takes the form

. 0w 3+ .
(4 DW= [ (=) Wi s, ) di' (3)
ox 4.7,

In deriving Eq. (3), it has been assumed, without loss of generality, that
W(x, 0, 1) vanishes. Solutions of Eq. (3) are now sought in the form

W(x, w)=exp[ —(s+ 1) x/v] §,(v] ) (4)

Inserting this expression into Eq. (3), we obtain the following equation for
the unknown ¢,(v|u):

s+ 1 3ot , n o,

(Vvu)«ﬁx(vm):—f (1—=u) g (vip) du (5)
v 4 -1

Multiplying Eq.(5) by one and u, respectively, and integrating the

resulting equations provides two linear relationships for the moments of ¢.,

by means of which Eq. (5) can be written as follows:

3 [—v? +1
(v—u)¢5(VIu)=§§(:%)—v:% T d ©)

for any finite value of v. If ¢, is chosen to have

jj by ) du=1 (7)
we obtain

3 v(1—v?)

(V‘“/l)¢s("|#)=§m (8)

In solving Eq. (8), we have different answers, depending on whether or not
v belongs to the interval [ —1, 1]. When v is not an element of the interval,
¢, is the ordinary function

v(1 —v?) 1
(s+1)~3v?v—pu

3
90110 =37 ©)

In Eq. (9), v and s are not independent. It is easily seen that, due to the
normalization condition (7), they are related by the following relation:

_ o ols,y)
Q(S,V)——m—o (10)
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where
(s, v)=2(s + 1) — 3v* — 3v(1 — v?) arctanh(1/v) (11)

It can be easily shown that lim, _, , (s, v) = 2s; therefore, (s, v} vanishes
for any s fixed when v goes to infinity and when s and v are such that
(s, v)=0. The eigenfunction corresponding to v=-o0 does not satisfy
Eq. (5) in general; hence, it will not be considered. For any s fixed, the
function (s, v) is an analytic function in the complex plane of the variable
v cut along the interval [ —1,1]. When v belongs to the cut, Eq. (10) is
satisfied by those values of s lying on the heart-shaped curve I” shown in
Fig. 1 and given by the equations

1—vy

14+v

yi 4

F=v(1—v?) log (12a)

3
4

NSYR]

Re(s*)=

Im(s*)= F va(1 —v?) (12b)

the plus or minus sign applying when v tends to the cut from the upper or
lower half-plane, respectively. The closed curve divides the complex plane

Ims
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Fig. 1. The locus of complex s values that satisfy w* (s, v)=0.
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of the variable s into two regions: R,, the region enclosed by I, and
R,=C\R,. The number N of zeros of the equation

(s, v)=0 (13)

for s fixed can be established by using the argument principle:

. d

lim dv—log w(s, v)=id, arg w=2niN (14)
Rg::%o C=Cp+C, v

where C, and C, are the contours shown in Fig. 2. Since w(s, v) tends to a

constant when v goes to infinity, the contribution of C, vanishes when R

tends to infinity; therefore we have

lim gloga)dv=2niN (15)

e 0vC, AV

The function w(s, v) is continuous and bounded in the vicinity of the points
v= +1; therefore, when ¢ tends to zero the contribution of the contours C,
and C, vanishes as well and we obtain

1 +lod

N [ Zlogw* (s v)d " g0 (s,v)d 16
_%[IEng (s, v) v—fﬁlaoga) (s, v) v] (16)

C1/\ Co % Cy

Fig. 2. Contour integration for the principle of the argument: C,= C, 4+ C, + C; + C,.
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and finally

1 o*(s,1) w™ (s, 1)
N=—]1 —1 -
2m'|: Oga)’(s, -1) ng‘(s, ——l)jl (17)
It is evident from Eq. (18) that N is an even number, since we have
wt(s, —vi=w" (s V) (18)
Hence
0¥ (s 1)
N=—log———
in Oga)‘(s,l (19)

This result will be useful later, but N will not be evaluated directly from
Eq. (19). As shown by Eq. (16), we have

{
N=— 4, argw(s,v) (20)
2n

When v belongs to the cut, w(s, v) can be expressed as

w(s, v)=s5—35(v) (21

where 5(v) belongs to I'. Accordingly, the value of arg w(s, v} is given by
the angle formed by the vector s—3§(v) with the x axis. When v moves
around the cut, 5(v) moves counterclockwise along the curve and it is very
simple to see that when s belongs to R, then 4, arg(s —3)=4n. In this
case Eq. (13) admits two opposite solutions, vo(s) and —vy(s). When s does
not belong to the region surrounded by the curve, the variation of the
argument of s — §(v) vanishes; therefore, Eq. (13) has no solutions in this
case. The solution of Eq. (8) is no longer an ordinary function if v belongs
to the interval [ —1, 1], but it has to be interpreted as a distribution:

3 v(1—v?) 1

D) =20 30— )+ 5 5 P (22)

the function 4, has to be determined from the normalization condition (7).
Straightforward calculation shows that

A =[Q7(s,v)+Q (5,v)]2 (23)

where Q% and ©~ are the limit values of the sectionally analytic function
2 when v tends to the cut from the upper or lower half-plane, respectively.
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Because of its importance in applications, the proof of the half-space
completeness of the eigenfunctions ¢, and y, will now be given, following
the standard method."® Let f(u) be a complex function of the real
variable u , with pe [0, 1]. It is assumed that f belongs to the set of
functions that are Holder continuous in the extended sense on the interval
[0, 1]. It will be shown that f(u) can be expressed as

S =] A0) 01w d (24)

if se Ry, and

Sy =alvo) d.(vol )+ | AW b (010 dv (25)

if seR,.
As is well known, the proof is by construction. Inserting expression
(22) into Eq. (24), we obtain the following singular integral equation of the
Cauchy type''?:
1 LQ* (5, v)—~Q (s, v) A(v)
Fu)=20) A+ P | (

2 v—u

dv (26)

A sectionally analytic function F(z) is now defined such that

1 QT (s, v) =27 (s, v) A(v)
Flo)=o— jo : v (27)
and taking into account the Plemelj formulas

Q (s, v)—Q (s, v

e~ F (=2 B2 00 (28)
1 L -0 A

F+(ﬂ)+F+(ﬂ)=—P (S, V) (Sa V) (V) dv (28b)
it Yo 2 vV—u

we find that the singular integral equation (26) is reduced to the
inhomogeneous Hilbert problem,

1
Q7 (s, u) FH{(u) =2 (s, ))F~ =5 [ (s W) =27 (s, 1)1 flw) (29)

The function F(z), whose limit values F* and F~ satisfy Eq. (29), can be
expressed as

F(z)=X(z)i 11975, v) =27 (s, v) f(v)

2 o X (o) =2 (30)
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where X(z) is a bounded, analytic function in the complex plane cut along
the interval [0, 17]; furthermore, X{(z) is a solution of the homogeneous
Hilbert problem,

Q*X*—Q X =0 31)

X(z) can be shown to be always bounded in the vicinity of z=0 and to
behave as (1 —z) ™ in the vicinity of z=1. Accordingly, we must dis-
tinguish the following two cases:

1. When s belongs to R, X(z) takes the form

X(z):xo(z)zexp<~2ijllog9: ! dv) (32)

i Jo w v—z

Taking into account Egs. {28a) and (30), one finds the solution of the
integral equation (26) to be

1OV (s, u)+ 827 (s, )
T2 QT (s, 1) Q7 (s, 1)

-lXO_(S,‘u)lJ‘I.QJr(S,V)—.QV(S,V)f(v)
2QF (s, p)indy Q7{s,v) X5 (s, V) v—u

A(u) S (u)

dv (33)

This expression can be simplified if use is made of the following identities:

1 _q 1 J‘l 1 1 dv 24
%@‘*ﬂh(wm"%m%—z (342)
Xo(2) Xo(—2z) (s, 2) =25 (34b)

1 . 1 IJO [o™(s,v)—o (s, v)] Xo(v)

=+ ——
Xo(p) 25 2mi Yy v+ u

(v, pe[—1,0]). The proof of identities (34) is standard.”” It is worth
noticing that the third identity is actually a nonsingular integral equation
by means of which the values of X,(z) in the interval [—1,0] (and hence
in the whole complex plane) can be calculated. Using Eq. (34b) to
eliminate X, from Eg. (33), we obtain the following expression for the
solution of Eqg. (26):

dv (34c)

2 1)—3y? 1
Ay =2 D= @w*+w>f@)
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2. When s belongs to R, the function X,(z) is no longer bounded in
the vicinity of z=1 and the proper function is

Xl(z)z(l—z)exp<—51—_jllog—a£ : dv) (36)

0 @ v—2z

In this case, however, the function F(z) will not have the correct behavior
at infinity unless the following condition holds:

ot —w”
JO ﬁf(v) dv=0 (37)
This is accomplished by setting

S = glp)—alvo) ¢.(vol 1) (38)

where a(v,) is a coefficient to be determined, v, is the eigenvalue of the dis-
crete spectrum saisfying Eq. (14) and such that Re[(s+1)/v,]>0, and
@,(vol 1) is the associated eigenfunction. The solution of Eq. (26) can now
be written as

1Q7+0Q° 1X7 1L i (@ =27)f(v) 1

S L N ) cch H : dv (39
AW =3"g7g=—/W 2Q+i7rjo o vz
Since w(s, z) has two roots, the identities have to be modified accordingly:

1 1 ! 1 1 1

=— — d 40
Lw)2m£<XHw Xﬂﬂ)%ﬁ ' (402)
Xl(Z)Xlz(_Zzw(SaZ)zzs (40b)

vog—z

1 llfo W o )00, ver-1,0]  (400)

X,(g) 2mi2si .y (i—v)(v+p)

In complete analogy with the pevious case, Eq.(40b) can be used to
eliminate X~ from Eq. (39) and by means of partial fraction decomposition
the following expression is obtained:

2 _ 2
D)3 1 %w++w~xﬂm

Alu)= 5 P

L1 (f—0 ) Xi(—v) )
+X1(—u)[5jo V—H &
" —0) Xi(—v) g) a(vo)
= L MJ+XA*m[u%erﬂ}

(41)
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where
I(”‘):%Ll (w*—w‘)fi(;v)¢s(vO!v)dv (422)
1(vo)=;1;f0] (w” —w*)vz\z(v—V)qﬁs(VolV)dv (42b)

The coefficient a(v,) is to be evaluated from condition (38), which, taking
into account the identity (32a), can be written as follows:

[lorze Me-—abo) bl g a3)
Since
_3 vo(1—v5) 1
#slvolv)=3 2s+1)=3vgvo—v
we obtain

dv

I (1@ Ze )X
22(s+1)=32" Y0y (2= vH)(vo—v)

[ Hot —o7) X (—v) g(v) Ho™—o7)X(—-v)gl)
:EU dv—f av:|

0 v+ vy 0 V=Yg
The integral on the left-hand side of Eq. (44) is easily evaluated, since

(44)

dv

J‘ (0" —w ) X\ (—v)
o (v5—v)(ve—v)

2 f1< L ) ' e aqm (45)
= _Jg _— v = —4ni
o \X{ X7 /)v—v X, (vy)

The integrals I(x) and I(v,) are also easily calculated, taking into account
identities (40a) and (40b), the second Plemelj formula for the sectionally
analytic function 1/X,(z), and the expansion of 1/X(z) for large z, to
evaluate moments of the density (1/X; — /X[ )

~ 3 (1 —v) |: 1(w++w)X1(_ﬂ)}
MW=355rn-m|* "2 vo— g (462)
_ 3 sve(1—vj) (i toowt
100=3 555 T~ mfo log == dv—2v, (46b)
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3. THE PROPAGATION EQUATION FOR SOUND WAVES

The analysis of the half-space problem for the transport equation (lc)
will now be given. As is to be expected, the calculations needed to obtain
the coefficient of the eigenfunction expansion are considerably more
involved.

The Laplace-transformed equation (1c) takes the form

I VAR W N N

s+ V) Z+p=s [ Ziusw) de+5p| w205 w)de (47)
Ox 2 -1 2 —1

Equation (47) strongly resembles the steady neutron transport equation

with linearly anisotropic scattering studied by Zelazny e al.'*’ Separating

variables as before, we obtain the following equation:

1 1 r+1 3 +1
w3 el a5 e de @)

Integrating Eq. (48) with respect to u gives

ji‘ uas,f(vm)d#:v( ’

) )i a (49)

and substituting the above expression into Eq. (48), one obtains

i 3 4
em b=y (1 ) [ aolnd 60

Choosing normalized eigenfunctions ¢,, we find for the solution of Eq. (50)

1 v 3vis\ 1 3 vis
¢"'(v|u):—2—(s+l)<1+s+1>v—u_§(s+1)2 (31)

when v¢ [ —1, 1], and
Q‘“—Q’Pl 1 3 52
2 inv—pu 2(s+1)?

Y (vip)=2,v) o(v—p) + (52)

when ve[—1,1].
Let us consider first the eigenfunction of the discrete spectrum given

by Eq. (51). The normalization condition implies that s and v are related
by the following relationship:

3vis v 3yl 1
Qs, v)=1 ~ 1 h(-)=
(s, v) +(S+ 0 st ( +s+ 1) arctan <v> 0 (53)
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when v tends to the cut, the corresponding values of s satisfying Eq. (53) lie
on the curve shown in Fig. 3 and given by the equation

s2+bs+c=0 (54)
where
y . 1—v
c:1+§<im+log1—+v> (55a)
b=14(1+3v}c (55b)

The curve divides the complex plane of the variable s into the regions R,,
R,, and R,. Following the same argument developed for the shear wave
equation, it is easily shown that if s belongs to the outermost region R,
Eq. (53) does not admit any solution; if s belongs to R,, then Eq. (53)
admits two opposite solutions vy and —v,, and four solutions vy, v,, —v,,
and —v, when s belongs to the innermost region R,.

The half-space completeness property of the set of eigenfunctions given
by Egs. (51) and (52) will now be estabilished, considering first the case in
which se R,: Starting from

F) =] AGY 001w i (56)

Fig. 3. The locus of complex s values that satisfy 2% (s, v) =0. Region R, is magnified.




Propagation in an Ultrarelativistic Gas 267

and substituting the expression given by Eq.(2) into Eq. (56), we obtain
the following singular integral equation:

1 11 Q=0 A(v) s,
)= 2) A+ | = v_ydv—(s+1)zf0”A(”)dv (57)

Equation (57) differs from the corresponding equation of Section 2 because
of the last integral on the right-hand side. If we set

3s Ly
k‘yzmjo V2A(v) dv (58a)
glu)=f(u)+k; (58b)

Eq. (57) is brought into the form

dv (59)

1 p1(QY -0V A4 |
a0 =1,(w) )+ [ L ) A()

inJo 2 v—p
and solved leaving the constants k, unspecified. After the solution of
Eq. (58) has been found, k, is determined from definition (58a). As shown
in the previous section, the solution of Eq. (59) can be put into the form

1 1 L o1 (2% —Q7) Xo{—v) glv)
Al) = —— | 4, - —{ =
)= g | 0 80— [ o s
(60)
The function X,(z) is defined as follows:
I (ORI |
Xo(z) = - =
o(2) exp< 2m’L logQAv_Zdv> (61)
The following identities hold for X,,:
1 1 rt 1 1 1
:1 — —
e <Xo+<v) o) (022)
2
5
X Xo(—2) Q2 =
o) Xo—2) 206, 2) = (7 (620)
1 SHIN 1 0 (QF — Q™) Xo(v)
:1 —
Xo(p) +< s ) 2%!'[71 v+ u dv (62c)

The value of the constant k, is now determined by multiplying Eq. (60) by
3s/(s+1)*p” and integrating the resulting expression with respect to .
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When se R, the coefficient A{x) can be written as
{ [_J (Qr - Q7) Xi(—v)elv)
( 1) V— i
1
2

2
__j Q" =27 )X (—v) gv) :|} (63)

V=V,

A(p)=

where

1 ! Q1
XAZ):(l*Z)(’,XP(*EEJO logﬁjv__dv>

In deriving Eq. (63) the identities

1 _ 1 Jl 1 1 dv 64
X,() 2mi o<Xr<v>‘X1(v>>v—z (642)
X \(2) X\(—z2)Q(s,2) [ s
(v2—2%) “<s+1> (640)
L1 s+ 200 (2T Q7)Y X, (v)
Fimi ) L G @ mreton o)

have been taken into account as well as the auxiliary condition

JI(Q+—Q7)X1(—V)g(V)d»,:0 (65)

2 2
vg—v

which will be satisfied by adding an eigenfunction of the discrete spectrum
to the expansion. Accordingly, we have so set

glu) = f(u) +k,—a(ve) d,(vol 1) (66)

Substituting this expression into Eq. (63), we obtain

! I [1 (R —Q )X (—v
A(u)=—-—_{xs<mg<m—ﬁ[_j ( V=),

Q0 2 VTH
1] 1@ Q)X
Cimde 2 V=, }
L L)~ L s = o] (o)
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where 1, I,, I, and I, are given by the following expressions:

2 1 1 Q+
11<u)=(sj 1) (EJ logQ—dv—u)m(u)Xl(—m (68a)
12(v0)=<sj_1> (%jllogg—dv—@ (68b)
3 2 3502 20 Xy(—
) o )
(68¢)

3 2 3512 2
L(vy) = *§<Si1> vglz(v0)+<1+si‘i><sil> [1+X1V((;0)] (68d)

Multiplying Eq.(67) by 3sp?/(s+ 1)’ and integrating gives a linear
equation to determine the unknowns k, and a; the second equation is
obtained from the condition (65):

atvo) o) — T = [ =2 LT C gy )

where

s 2
I =2n
(vo) = 2n <S+ 1)

, 3/ s , s s \? in
S A S S T
LYo

When se R, the dispersion function has four zeros; hence, we have

Xz(z):(l—zz)exp<—%fll g—iLdQ (70)

The function X,(z) is such that

1 _ 1 1 1 1 ,

Y6 2k <X;(v)_xz(v>)v—z ! (71a)
Xo(z) Xo(—2)Q(z) [ s

(vi—z2)(v?—z?) _<s+1> (71b)

1 <s+1>2 1 fo @ -0 )Xm) 1 (1e)

G s ) w0 v
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The coefficient A(u) is now given by the following expression:

1
Al = g { ) 80

1 [vo+v1 . )ijl(ﬂtﬂ‘)n(-v}g(wdy
X, (—n) 2 = 0 v—vq
VotV 1 (27 —Q27)Xy(—v) gv)
ebn L
IT ¢ V—1yy
Y (CUE ] o)
I Jp vV—Uu
where the function
gy=f(Wy+k,—a(ve) d,(vip)—alv) d,(vin) (73)
1s such that the two conditions
QT —=Q7) Xo(—v) g(v)
i (s e
HQT Q) Xo(—v)vgly)
L i dv=0 (74b)

are to be satisfied. In deriving Eq. (71), the conditions {74) have been taken
into account as well as the identity (71b). The integrals appearing on the
right-hand side of Eq. (71) have to be calculated by inserting the expression
for g(u) given by Eq. (73) and taking into account that

lfl(gr—g‘)xz

0 vV—y;

1 11 (27 —Q7)X,(—v) < K} )2[ v? —J .
— dv=2—— 1——2—1, =0,1; I=1,0
in L (v—vj)z Y s+ 1 Xz("j) /

L@t ) ()
o (v=yo)lv—yvy)
1 JI QT —Q7) X, (—v)

— . -

(—v) s\
p- =7 viT,—v,T,—T5)

in

¢ \2
:<s+l> [T+ (vo+v,)T,]

dv

In

2
S
=<S—+—1> [T+ uTs+ (0 —vg—vD) T1 ] + 24,(1) Xo( — )
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mdo  (v—p)(v—v;)
:< s ) (TZ_ZuH#Ms(u)Xz(—HL 24,(4) X>(—p)
1

1f1 (QF — Q) X\(—)

s+1 vi—u’ (v = )5~ 1?)

r=L]" ( S )d i
= — Vv — = e
il e T m) "

[t 1 1 1 o+
T,=— | v? - dv=— 1 i
? infov <X2*(v) X{(v)) Y in OgQ v

1 ! 1 1 1 Q+ TZ
T = — 3 — 1 _ _ =
e (X;(v) X;(v))” o, o=

Inserting the expression (72) into Egs. (73), we obtain two linear equations
containing &, a4, and a, as unknowns:

5 atg )=t [ =2 ) XA

m=1 —iﬂ 0 (vo_vz)(vl_vl) dv (753)
2 QT Q7)) Xy(— v)vf(v)
~hkot T alva) =g | S (75b)

where

dv=20

I ZJI (@7 —27) Xo(—v)
1 0 (V(Z)“ Vz)(V% o VZ)
_ L@ —07) X(=v) 4. (vl v)

in do (V(Z)_ vz)(vf—— vz)

Vo < 5 >2< 3sv2, 1

s+1\s+1 s+1/X5(v,,)
1@ =Q)Xy(=v)y s\
Sl T A =257
;L Q2T —Q7) Xo(=v) v, (v | V)
" im (V=) (2 —v7).

_ 3vps 1o <1+3sv;’”‘) s\ 1
C(s+1)? 2s5+1 s+1/<s+1 X,(v,)

The third equation is obtained by multiplying Eq. (72) by 3su?/(s + 1)? and
integrating.

dv

av

822/46/1-2-18
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4. CONCLUSIONS

The equations of propagation of shear and sound waves in an
ultrarelativistic gas have been studied by the method of elementary
solutions. The nature of the discrete spectrum associated to each equation
has been investigated and the half-space expansion coefficient calculated. It
is worth noticing that in the case of the propagation equation for sound
waves the calculation of the expansion coefficient requires a considerable
amount of numerical evaluation because of some twofold integrals appear-
ing in the coefficients of the linear systems from which &, is evaluated.

ACKNOWLEDGMENT

The author gratefully thanks Prof. C. Cercignani for having suggested
the problem and for many helpful discussions during the preparation of
this work.

REFERENCES

1. C. Cercignani, Phys. Rev. Lert. 50:1122 (1983).

2. C. Cercignani and A. Majorana, Phys. Fluids 28:1673 (1985).

3. C. Cercignani, J. Stat. Phys. 42:601 (1986).

4. P. L. Bhatnagar, E. P. Gross, and M. Krook, Phys. Rev. 94:511 (1954).

5. C. Cercignani, Ann. Phys. (N.Y.) 20:219 (1962).

6. J. L. Anderson and H. R. Witting, Physica 74:466 (1974).

7. K. M. Case and P. F. Zweifel, Linear Transport Theory (Addison-Wesley, Reading,

Massachusetts, 1967).

8. K. M. Case, Ann. Phys. (N.Y.) 9:1 (1960).

9. C. Cercignani-and F. Sernagiotto, Ann. Phys. (N.Y.) 30:154 {1964).

10. R. L. Bowden and C. D. Williams, J. Math. Phys. 5:1527 (1964).

11. C. Cercignani, in Proceedings of the Meeting “Phase Space Approach to Nuclear
Dynamics” (Trieste, [taly, 30 Septemner—4 October 1985).

12. N. I. Muskhelishvili, Singular Integral Equations (Noordhoff, N.V., Groningen, 1953).

13. R. Zelazny, A. Kuszell, and J. Mika, Ann. Phys. (N.Y.) 16:69 (1961).



